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Safety Factors in Concrete: Impact on CO2 Emissions
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 Safety Balancing CO2: Safety factors in 
concrete structures significantly impact CO2
emissions from cement production.

 Excess Safety, More Concrete: High safety 
factors lead to unnecessary concrete use, 
increasing CO2 emissions.

 Inadequate Safety, Reduced Durability: 
Insufficient safety factors result in more cracks, 
impairing durability and necessitating early 
replacements.

Aggressive lightweight design
 cracking, reduced lifespan 
 CO2 emissions increased with a delay

Conservative design  
 excessive cement use
 increased CO2 emissions

Optimal

Safe, 
economic

Statistical/Energetic 
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Safety factorsCO2 Emissions



3

• If free energy density Φ depends on
a change of line segment length
only, it is a function of strain tensor
only.

• Φ also depends on a change of 
displacement gradient 𝑢𝑢𝑖𝑖,𝑗𝑗, or the 
second displacement gradient
𝑢𝑢𝑖𝑖,𝑗𝑗𝑗𝑗called the sprain, which 
includes rotation gradient

• The change of displacement 
gradient 𝑢𝑢𝑖𝑖,𝑗𝑗 must be distributed 
over a finite material length l0
characterizing heterogeneity

Y Zhang, ZP Bažant, (2023), J. of Appl. Mech. ASME 90, 041007- 1---18.

Homogenization with Sprain Energy

Traditional method

Sprain energy method



= total energy
(density)

sprain tensor

For 1D

sprain energystrain energy

sprain thresholdsprain stiffness

Sprain 
stiffness κ
(resisting   
localization)

Spress

Sprain

4 Y Zhang, ZP Bažant, (2023), J. of Appl. Mech. ASME 90, 041007- 1---18.

Total (Strain+Sprain) Helmholtz Free Energy

Second gradient (or curvature) of displacement

= strain gradient + material rotation gradient



l0 fixed
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Smooth Crack Band Model (sCBM)
Convergence to smoothly distributed damage
(1D bar in tension)

Y Zhang, ZP Bažant, (2023), J. of Appl. Mech. ASME 90, 041007- 1---18.



Nodal Sprain Forces in 2D

6 Y Zhang, ZP Bažant, (2023), J. of Appl. Mech. ASME 90, 041007- 1---18.



Sprain? Sprain! 
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Nanoscale microscopic 
image of ligament sprain 
in medicine – overstretch 
with distributed local breaks 
(damage) over a finite 
length, but no full break*

Tensile microcracking in 
sprain of concrete
(https://civillearners.com/2022/01/11
/microcracking-of-concrete/), 

Distributed sprain 
damage in            
carbon composites
(from researchgate.net)

Loghmani, M. T., and Warden, S. J., 2009. J. Orthopaedic & Sports 
Physical Therapy, 39(7), pp. 506–14

https://civillearners.com/2022/01/11


Total Helmholtz Free Energy Density
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Strain energy Sprain energy

Require high order element How to implement it in 𝐂𝐂𝟎𝟎 element?

Introduce intermediate variables

Constrained and coupled 
by Lagrange multiplier
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Explanation of Lagrange multiplier 𝜆𝜆
1
ℎ
𝑢𝑢𝑟𝑟+1,𝑠𝑠 − 𝑢𝑢𝑟𝑟,𝑠𝑠 ≈ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝜁𝜁𝑟𝑟,𝑠𝑠, 𝜁𝜁𝑟𝑟+1,𝑠𝑠) via Lagrange multiplier 𝜆𝜆

Displacement gradients
𝜻𝜻𝑟𝑟+1,𝑠𝑠+1

𝜻𝜻 = (𝜁𝜁𝑢𝑢,𝑥𝑥, 𝜁𝜁𝑢𝑢,𝑦𝑦 , 𝜁𝜁𝑣𝑣,𝑥𝑥, 𝜁𝜁𝑣𝑣,𝑦𝑦)𝜻𝜻𝑟𝑟+1,𝑠𝑠𝜻𝜻𝑟𝑟,𝑠𝑠

𝒖𝒖𝑟𝑟,𝑠𝑠 𝒖𝒖𝑟𝑟,𝑠𝑠+1

𝒖𝒖𝑟𝑟+1,𝑠𝑠+1

Displacements
𝒖𝒖 = (𝑢𝑢, 𝑣𝑣)

Linear slope functions
Pseudo-gravity                  
Linked by 𝜆𝜆 = (𝜆𝜆𝑢𝑢,𝑥𝑥, 𝜆𝜆𝑢𝑢,𝑦𝑦 , 𝜆𝜆𝑣𝑣,𝑥𝑥, 𝜆𝜆𝑣𝑣,𝑦𝑦)

ℎ

𝜻𝜻𝑟𝑟,𝑠𝑠+1

𝒖𝒖𝑟𝑟,𝑠𝑠+1

𝑟𝑟 − 2 𝑟𝑟 − 1 𝑟𝑟 𝑟𝑟 + 1 𝑟𝑟 + 2



Variational Analysis
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Weak Form Strong Form



ABAQUS UEL Implementation
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1 2

34

𝑢𝑢1, 𝑣𝑣1,
𝜁𝜁1
𝑢𝑢,𝑥𝑥, 𝜁𝜁1

𝑢𝑢,𝑦𝑦 , 𝜁𝜁1
𝑣𝑣,𝑥𝑥, 𝜁𝜁1

𝑣𝑣,𝑦𝑦 ,
𝜆𝜆1
𝑢𝑢,𝑥𝑥, 𝜆𝜆1

𝑢𝑢,𝑦𝑦 , 𝜆𝜆1
𝑣𝑣,𝑥𝑥, 𝜆𝜆1

𝑣𝑣,𝑦𝑦

Nodal DOFs:
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Beginning Define Initial 
conditions Start of Steps Start of increments

Start of Iteration Calculate Δ𝜖𝜖 Calculate 𝜎𝜎, 𝜕𝜕Δ𝜎𝜎
𝜕𝜕Δ𝜖𝜖

Define Loads 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

Solve Matrix 
Equation Converged? Writes Outputs End of Step

UEL

ABAQUS UEL Implementation

M7 UMAT
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Three-point Bend Simulations with Different Mesh 
Inclinations using the slCBM and M7
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Convergence Check of slCBM

Nguyen, A. T., Xu, H., Matouš, K., and Bažant, Z. P. (2024). ASME. J. Appl. Mech. 
(March), 91(3), 031007-1—10.



𝛾𝛾0 = 10−6
small

𝛾𝛾0 = 10−5
medium

𝛾𝛾0 = 1.5 × 10−3
big

Sprain
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Sprain 
energy 
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Error of strain gradient theories:
𝑙𝑙0𝜖𝜖𝑥𝑥𝑥𝑥,𝑥𝑥 = 𝑙𝑙0𝑢𝑢𝑥𝑥,𝑦𝑦𝑦𝑦 −

𝑙𝑙0
2

(𝑢𝑢𝑥𝑥,𝑦𝑦𝑦𝑦 − 𝑢𝑢𝑦𝑦,𝑥𝑥𝑥𝑥)

(b) material 
characteristic 
length

𝒖𝒖𝒙𝒙,𝒚𝒚

𝒖𝒖𝒙𝒙,𝒚𝒚 + 𝒖𝒖𝒙𝒙,𝒚𝒚𝒚𝒚𝒍𝒍𝟎𝟎
𝒖𝒖𝒙𝒙

𝒍𝒍𝟎𝟎

𝒚𝒚𝒙𝒙

𝒖𝒖𝒙𝒙

𝒙𝒙

𝒖𝒖𝒙𝒙,𝒙𝒙

(a)

𝒍𝒍𝟎𝟎

Dashed lines, with a sharp
slope change, are unphysical

𝑎𝑎 𝑏𝑏

�
𝒂𝒂

𝒃𝒃
𝒖𝒖𝒙𝒙,𝒙𝒙 𝐝𝐝𝒙𝒙 − 𝒍𝒍𝟎𝟎𝒖𝒖𝒙𝒙,𝒙𝒙

𝒂𝒂

Curved transition is 
physically required

Δ𝒙𝒙 → 0 gives free torsional sliding
which must be resisted by 𝜔𝜔𝑥𝑥𝑥𝑥,𝑥𝑥

Xu, H., Nguyen, A. T and Bažant, Z. P. (2024). Under review.16

Too close! 
Impossible

(c)
Impossible but 
not prevented by 
strain-gradient
theories

𝒖𝒖𝒙𝒙

𝒚𝒚𝒙𝒙
Δ𝑥𝑥 ≪ 𝑙𝑙0

Strain-gradient  vs. slCBM
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a) 3PB test

0

4

8

0 0.1 0.2

0.3% difference

b) Shear test 1

0

50

100

0 0.5 1 1.5

slCBM

Strain Gradient

13% increase
due to 𝜔𝜔𝑖𝑖𝑖𝑖,𝑘𝑘

c) Shear test 2

0

20

40
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80

0 0.3 0.6

55% increase
Due to 𝜔𝜔𝑖𝑖𝑖𝑖,𝑘𝑘

No symmetry

17

Strain-gradient  vs. slCBM

Crack line symmetry
enforces 𝜔𝜔𝑖𝑖𝑖𝑖,𝑘𝑘= 0

Xu, H., Nguyen, A. T and Bažant, Z. P. (2024). Under review.



Fresh Result: Strain-gradient  vs. slCBM
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slCBM (sprain)

Strain Gradient (crack pattern incorrect)

At peak load Final patternPost peakBefore peak
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29% increase
if 𝜔𝜔𝑖𝑖𝑖𝑖,𝑘𝑘 excluded

Plane crack forms only 
after peak

Plane crack starts 
before peak

Strain
Gradient

slCBM

4PB shear

Xu, H., Nguyen, A. T and Bažant, Z. P. (2024). Under review.



• slCBM can simulate the variation of the crack band width.
• Mesh orientation independence was demonstrated with much high efficiency.
• M7 with Abaqus UEL can be integrated.
• Gap test  finite FPZ of variable width. The line crack models, apply only for 

negligible crack-parallel stresses,𝜎𝜎𝑥𝑥𝑥𝑥 ,𝜎𝜎𝑦𝑦𝑦𝑦 ,𝜎𝜎𝑧𝑧𝑧𝑧 ≈ 0
• The strain-gradient models may overestimate the failure load in nonsymmetric 

quasibrittle failures with shear-compression by up to 55%. For symmetric failures, 
though, the difference is negligible.

• Constraining the independent and displacement-based gradients by Lagrange 
multiplier tensor allows using C0

Conclusions

19



Thank you!
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